Abstract-
INTRODUCTION
Spare parts inventory management has a high impact on the economic performance of a company, for example in the process industry or the airline industry where large installations provide the goods or service required by the customers. Obviously, spare parts inventory management is not responsible for the failure rate of the installation or its components, but the availability of an item may shorten the downtime. Given the high cost of every hour an installation is unavailable, the spare parts should be readily available and therefore its stock tends to increase.
It is very common to stablish as a constraint a lower bound of the fill rate, i.e., the fraction of the spare parts units needed that are immediately available from stock. However, the involved stock costs should be as low as possible in order to remain competitive by means of low production costs or high client service or both.
Previous explanation deals to a typical stock policy but the real situation is more complex given that hundreds or even thousands of items are managed in a typical spare parts warehouse.
Therefore this multi-item problem can be expressed as minimizing the inventory costs of all the items subject to an overall fill rate. This trade-off between the overall service level and the total inventory cost involved may become critical from an economic perspective not only for the management of service spare parts but also for the management of the spare parts needed by an industrial company.
The main objectives of this paper are: (a) modeling this problem accordingly to the way managers have to make decisions so that the usual stockout cost is replaced by a service level target to be fulfilled; (b) determining the optimum of this model and a procedure to apply it, if necessary; (c) determining the ranking criterion according to this model in order to obtain ABC classes; and (d) numerical validation of the proposed method including its performance when compared to alternative approaches. Therefore, the main contribution is a new approach that reduces significantly inventory costs and assures a target overall service.
The remainder of this paper is organized as follows. In Section II we present the stock policy and notation used in this paper. In Section III and IV we present previous research in this topic, including the existing estimation methods and some comments on its suitability for spare parts.
Section V includes the model we propose and the derivation of the resulting closed formula. An empirical validation is shown in section VI based on a real dataset including the performance of the existing and proposed method. Finally in Section VII we provide our conclusions and possible extensions.
II. STOCK POLICY AND NOTATION
This paper is focused on continuous review policy and spare parts. In this inventory policy the stock of an item is reviewed at every time instant and a replenishment order of a predetermined size Q is released when the stock lowers to a predefined level s, named reorder point (see Fig. 1 ).
We focus on a continuous review stock policy subject to: (a) backlog is allowed, so when an order cannot be fulfilled it just waits until the necessary stock is again available; (b) the demand in a time period is fulfilled with the stock at the end of previous period; and (c) the demand is assumed to be exponential and stationary during the lead time. Note that demand of an item is exponential when its failure rate is constant, so some authors have modeled the spare parts demand with an exponential distribution [1] .
The notation used in this paper is: In the rest of this paper, sub-indexes are used to denote a particular item.
III. LITERATURE REVIEW
Probably due to its economic impact, the classification of items has drawn much attention in recent years ( [2] , [3] ) and also the classification and management of spare parts ( [4] , [5] ).
However, the consideration of a target service level is usually replaced by an stockout cost so it is convenient to review these alternative approaches.
The overall fill rate target can be obtained aggregating individual item targets weighted with the demand fraction corresponding to each item [6] because:
Probably the most usual and straightforward approach is to choose the same target for every item, so equation (1) holds independently of the demand weight of every item. Unfortunately this simple approach leads to high inventory costs, as will be seen later.
Another approach is based on classifying items into ABC classes and defining the same fill rate target for the items according to the ABC class they belong to [7] . However, authors maintain different positions on the way it should be done. For example, [8] argue that class A items deserve the highest targets in order to avoid frequent unmet demand as they usually provide most of the profit. On the contrary [9] point out that class C items should have the highest targets in order to avoid numerous stockouts and their related replenishment orders.
Other authors are more focused on inventory theory, specifically on inventory costs and service. For example [10] minimize ordering and holding costs subject to a global target cycle service and a given frequency of replenishments being demand normally distributed. As a result, they propose an ABC ranking rule based on the unit holding cost, the lead time and the expected annual demand.
Based on minimizing penalty and holding costs, [11] resulting in a ranking index based on the unit holding cost, the penalty cost and the order size.
This approach has an important drawback: it is assumed that penalty costs are known nevertheless the evidence that it is not possible to be estimated. In the search of a feasible estimation method, several alternatives have been proposed: letting the manager to determine subjectively the penalty costs [12] , solving another problem where penalty costs are replaced with a service constraint so that the shadow price of that constraint results into the estimation of the penalty cost [13] or even using fuzzy logic to determine the optimum policy [14] . None of these approaches have proved to be convenient in practice, so estimating hundreds or thousands of penalty costs is clearly unfeasible. Moreover, [15] argue make many people to abandon this inventory cost because of the difficulties to estimate penalty costs and use a service constraint instead. Moreover, other authors [16] point out that penalty cost estimation is virtually impossible, so the most usual approach is using service level constraints.
In spite of [10] and [11] have improved ranking rules, both of them need iterative computation for assigning a target service level to each item. This paper proposes a closed form formula to determine the fill rate for every item that minimizes holding and ordering costs while reaching a global target fill rate. So, the method proposed in this paper can be applied without any numerical optimization.
IV. EXISTING ESTIMATION METHODS

A. One Fill Rate criterion
Probably the most straightforward and simple approach is to set up the item fill rates with the overall target. This can be expressed as
Being the demand exponentially distributed during the lead time Li for every item i=1,…,N with an average demand Di per period time, the expected units of that item that are not served during a cycle are
and the fill rate for a given item is
Obviously this approach assures that the overall target is met although involved costs are not considered. In fact, as we will see later, this approach leads to the highest cost. Therefore we will use this approach as a reference in order to assess the efficiency of other methods.
B. Volume Classes criterion
This approach recognizes that different items may need different fill rates and classifies the item according to its demanded units. So, the contribution of every item to the overall target is weighted with the fraction of the total demand it represent and the procedure is:
1. Arrange the items in descending pi.
2. Classify the items into classes; every item has the fill rate of the class it belongs to.
3. Determine class fill rates subject to the overall target fill rate. Optional: determine class fill rates that minimize overall costs.
The overall cost function includes holding and ordering costs
The overall fill rate can be computed based on equation (1) This reasoning applies to all the methods in this document. Note that optimization (step 3) is optional and is usually replaced by assigning the highest fill rate target to A class, a lower one for B class and so on.
C. Zhang et al. ranking criterion
This is the first approach focused on minimizing costs. As explained below, [10] minimizes holding and ordering costs subject to a target overall cycle service and a given order frequency, assuming that demand is normally distributed. This method provides a ranking rule and a procedure:
1. Arrange the items in descending order of Di/(Lihi 2 ).
2. Classify items into classes; all the items in a class have the same fill rate.
3. Determine class fill rates that minimize overall costs subject to the overall target fill rate.
The most important purpose of a spare parts inventory is to reach a high availability of an installation with the lowest inventory cost. So the main drawbacks of this approach are: (a) it is more realistic to measure the service as the fill rate instead of the cycle service level; (b) the main consequence of limiting the order frequency is a cost increase; and (c) demand of spare parts is not usually normally distributed.
D. Teunter et al. ranking criterion
Another method is focused on minimizing costs without any service constraint because [11] propose a cost function including penalty and holding costs assuming that demand is normally distributed. As a result, minimum cost is characterized by 1 1,...,
The resulting ranking rule and a procedure are:
1. Arrange the items in descending order of (biDi)/( hiQi).
2. Classify the items into classes; all the items in a class have the same cycle service.
3. Determine class cycle service rates that minimize overall costs subject to the overall target fill rate.
The first drawback of this approach is that ordering costs are not considered, so cost calculation is incomplete. But the most important objection is the use of penalty costs given the limitations explained in Section III. As authors probably do, we assume that penalty costs are the same for all the items as long as this assumption may not alter the ranking rule.
V. PROPOSED METHOD
A. Model formulation
We minimize ordering and holding costs because these costs not only represent the inventory costs that take place but are also appropriate and measurable. Instead of using penalty costs, we choose the fill rate as service metric constraint because it is the one that better represents the availability of an installation from a managerial point of view. Therefore we formulate the model as optimizing the inventory cost of the safety stocks as expressed by (7) subject to the overall service constraint expressed by (6) and whose item fill rates can be computed by (4) given that demand is exponentially distributed. So, this approach can be seen as choosing the safety stock
SSi for every item so that the overall service constraint is reached at the minimum cost.
B. Proposed method
This optimization can be solved using Lagrange multipliers being the Lagrange function
The minimum of this function is simultaneously characterized by equations (6) and (10) 1,...,
After some algebra, the fill rate for every item is obtained
Equation (11) is a closed form formula, so it is straightforward to obtain optimal fill rates even for a large number of items. Note that this approach not only provide a ranking criterion as previous methods do but also a procedure for estimating fill rates for every item.
C. Proposed ranking criterion
As previously explained, this method can be used to determine individual fill rates applying equation (11) providing the best cost performance. However, when needed it can also be used for item classification purposes using the next ranking rule and procedure:
1. Arrange the items in descending order of pi/(hiDiLi).
VI. EMPIRICAL VALIDATION
We consider a dataset of spare parts from a regional airline company and include daily demand data for a three years period. These data are described in Table I We have compared the performance of these procedures considering different overall target fill rates of 90%, 95% and 99%. Performance is measured in terms of the safety stock cost they provide as long as the fill rate constraint is satisfied in every method. Obviously, safety stock increases with the target service level, so we compute the relative variation of the safety stock cost of every method when compared with the first one. The results are in Table II, Table III and   Table IV for 90%, 95% and 99% target fill rate respectively. These tables also include the average fill rate for the classes of every method. The controversy on setting up the highest service level to class A or alternatively to class F in the Volume class method can be explained because there is not a clear pattern. Although in these cases the higher fill rates are usually assigned to A classes, in Table III Table II and Tables II and IV respectively. Finally, the lowest safety stock cost in these three cases is always higher than the annual spare parts consumption. It is not surprising because of the low demand of most of the items and its high unit cost. Therefore, the target of high availability of the installation is usually obtained with a high investment on inventory and a complex and expensive management in order to assure a high availability of the spare parts.
VII. CONCLUSIONS
From a managerial point of view, usually the starting point of spare parts inventory systems is establishing an overall target of item availability. Several methods have been previously proposed and reviewed in this Section III and IV.
Based on the characteristics of spare parts, we propose a new method that clearly outperforms the previous ones when checked with a real dataset. This new method not only provides a significant reduction in safety stock costs when compared with the results of the previous methods but also it is easy to be applied given that the proposed method uses a closed form formula that reduces significantly the computational effort. 
